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Multidimensional inversion formalism as a compatibility
condition between different linear differential systems

H Cornille
Division de la Physique, CEN Saclay, BP No. 2, 91190 Gif-sur-Yvette, France

Received 24 July 1978

Abstract. We consider, as in a previous paper, multidimensional inversion-like integral
equations (IEs)—from which we can construct a class of potentials without introducing the
data—associated with a system of n-linear first-order partial differential equations in R".
Firstly we emphasise that, contrary to the one-dimensional case, there exists different 1Es
associated with the same system in R", Then we study the properties of the reconstructe
potentials in a case where the scalar kernels of the IE depend in fact upon only two
independent variables, and we find that: (i) there exists a general method for constructing
real, confined potentials in R"; (ii) for n =3 the potentials satisfy well-defined nonlinear
constraints. For n =3 the IE is common to two different linear differential systems, for
n =4, to three systems, and so on. The compatibility conditions between these linear
systems reproduce the above nonlinear constraints (for instance, for n =3 we get the
nonlinear three-wave equations in two spatial coordinates); (iii) combining (i) and (ii) we
provide explicit examples for a new class of nonlinear equations reducible to the inversion
formalism and which have confined solutions in R".

1. Introduction

Currently there is great interest in the explicit construction of simple multidimensional
solutions of nonlinear equations which are real, confined in R". Very few examples are
known to work: for instance, the one-instanton solution for the Yang-Mills equations
in R* (Belavin et al 1975), the two-spatial-dimensional KDK equation (Manakov et al
1977), the two-spatial-dimensional nonlinear three-wave equations (Cornille 1978a),
and the generalised two-spatial-dimensional nonlinear Schrodinger equation (Cornille
1978b). For those nonlinear equations which are reducible to the inversion formalism,
an essential preliminary problem is the existence (or otherwise) of reconstructed
potentials which are confined in R". This means that we must necessarily investigate
carefully the properties of the inversion-like integral equations (IEs), from which we can
construct a class of potentials associated to linear systems (without introducing the
data).

In the preceding paper (Cornille 1978a) we built 1Es associated to linear first-order
differential systems in R”, and in the present one we extend our study of the properties
of the 1Es. We recall briefly the previous resulits:

Let us consider the n x n differential linear system

(Li+ikA—Quy =0, (1)
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1376 H Cornille

where L; and A are diagonal, A = (8,A,), L1=(8,0/9x,); Q1 is an n X n potential,
qi .. q?)

Q[ =1
Gn .. qn]

and ¢ is a column vector. Assuming a representation of the solutions of (1) for a set {¢;}
of n functions

) 9 .
u= (w8t | Kl oxinid o), (S+ik)dw=0  @a
and substituting into (2a) we obtained
d A; 0 i — > m m
(S+E VK= T KukTA0 ™ R =K](y =2,
ax;, A; oy "
i i -1 i (3a)
q:=0, q;=xrA) K,

In this paper we call formalism ‘a’ all the properties deduced from the input
representation (2a), and we will compare with other formalisms coming from different
input representations of (1). If we try to find an I1E of equation (1) which when written in
matrix notation is of the type

%(xl,...,xn;y)=9~’(x1,.--,xn;y)+_[ F(s5x15 0oy Xus VIH (X1, ..., Xn; 8) ds,

H=(K}), F=(FiB(s—x)), g =(Fj=Fj(s=x)), (4)

and such that the K j (solutions of (4)) satisfy the nonlinear equations (3a), then we find
that the scalar kernels F; must satisfy

0 219 10\,
(Aml—+A11_+/\il_)Fi=0, m=1’2""’n
X as ay
or (4a)
F;=F§(u§=/\,-(x,-—s)+;A1x1;0§=Ai(xi_Y)+zz:A1xl)’
#j #i

and of course well-defined boundary conditions. The fact that the F} given by (4a)
depend upon two independent variables has the following consequences: (i) for n =2
the potentials can be confined in R? (for instance, there exist confined solutions of the
generalised nonlinear Schrodinger equation (Cornille 1978b)); (ii) for n = 3 the poten-
tials reconstructed from (4) and (4a) are not confined and have to satisfy well-defined
nonlinear constraints—the nonlinear three-wave equation

d 9 9
AT =+ ,\:1———) 1=2qq; 5
( kA ax; k 3% ox; q, qi4; (5a)

for n = 3, and generalisations of it for n > 3, for instance for n =4

(16 1a>,1,.,1,.k Lk all different
— = T\ =—qq ——q'g", A ren
Ae oxe ap o) BT X AIT N 4 b e
(6a)
(li+li__1__§_) o2 ik 1o
)\,‘ E)x, )\,‘ ax,- Ak an 4 Aquq} Alqlql.
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In this paper we pursue our investigations of the IE associated to (1); (i) the
non-uniqueness of the IE, or the possibility of introducing other formalisms starting
from different input representations of ¢ ; (ii) the possibility of confined solutions in R",
even with the scalar kernels of the 1E depending upon two different variables; (iii) the
fact that the same IE can be associated with different linear systems for which
compatibility conditions lead to nonlinear constraints for the potentials like (Sa) or
(6a).

2. Problems under investigation

2.1. Non-uniqueness of the possible representations of the solutions associated to linear
systems and non-uniqueness of the 1E in the multidimensional case

There exist two possible generalisations of (2a) associated to (1), and consequently
there exist formalisms other than the one called a in the introduction,
(i) Firstly let us consider what we shall call formalism *b°,

’ﬁf = (uj(xl’ ey xn)ai]'+J‘ K{(xl’ ey Xny y)uj(xl, e X1, Ve Xjxls e ey xn) d)’),

(2b6)
a .
Uy =un ()05 (X1y .oy Xjm1y Xjaty « o s Xn)s (a‘*‘l/\k)ug(x) =0,

where v! is an arbitrary function. This arbitrariness is due to the fact that if we consider
a set c/z}) (solutions of (1) when Q;=0), (L;+iA)(n//?, ..., ¥2)=0, we can take either
@Y = (u3 (x)8;) asin (2a) or ¢° = (u3, ()07 (x1, . . ., Xj=1, Xjs1, - - - » X4)8;) asin (2b). In
§ 3, taking into account this freedom in the representations of ¢, we shall deduce, for a
particular choice of {v?}, a corresponding IE (4b) which will be a generalisation of (4a)
because (25) reduces to (2a) when v? =1. We introduce arbitrary constants A}, i #],
define X}=(A; —ADA;! fori#j,Ai=1, and choose v? =11,.; uf;(x,) in (24). In this way
we shall obtain an IE with n> — n parameters which we can introduce into the formalism
although not being present in (1). Seeking an IE of the equation (4) type, we obtain for
the kernels

i) .0 ] ’
(——+x',,,—+7&’,,,—>F}=O, m=1,2,....n
0Xm oy as

or (4b)

F; =F}(u}=x,~—-s+ Y Kxmivi=xi—y+ Y. Ki,,xm),
m#j m#i

whereas the solutions are linked to the potentials following g =Xf-1€' i qi=0. This
new formalism b generalises the previous one a, because when A} -0, then ug; ->
constant, and (2b) is reduced to (2a).

~ In this new formalism we can consider the case where some q;=0 by choosing
Aj=A; or Xj=a without modifying the parameters of equation (1) (contrary to
formalism a for which q; =0 requires A; = 0). This freedom in the formalisms (we shall
call it bb) will be useful in § 4, when we shall consider the possibility of confined
solutions in R". However, let us notice that the kernels F! in (4b) still depend upon two
independent variables.
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(ii) Secondly we define formalism ‘c’. Instead of the representation [, K 'u; dy in
(2b), where the integration path is linked with only one coordinate x;, we could take a
superposition of such terms where all coordinates play a similar role:

l!/] = (ui(xl, vy Xjp ey x,.)6.-,

+Z J Kf,m(xl, e X YUKy e Xm—1y Vs X1y e e - s Xn) dy). (2¢)

m

Although for simplicity we shall not derive in the general case the corresponding IE, this
could be done. Here we report only the results for the case » =2. In the Zakharov-
Shabat (1974) multidimensional theory, only one coordinate is really a variable, the
others being parameters. This would correspond in (2a, b, c¢) to always choosing the
same coordinate at the end of the integration path. In conclusion we can enlarge the
class of representations of the y;; however, seeking an IE of the equation (4) type in the
cases that we have considered, we always find the feature that for n >3 the number of
really independent variables for the scalar kernels of the IE is less than n. Consequently
we expect to meet difficulties concerning the confinement properties of the {g;}.

2.2, Confined solutions in R"

In § 4 we provide a general procedure for the confinement properties of the recon-
structed potentialsin R". Let usiterate the 1E of the equation (4) type with (4a) or (4b):

n=ao

H=Y xH, H =%, 9{2=J'%¢, K= ” FFF, . @)

n=1

Owing to the fact that these scalar kernels depend only upon two independent variables,
the terms present in the matrix & cannot be confined in more than R?, those present in
]J.”i in more than R?, those present 1n i FFF in more than R*, and so on. Thus, in
order to have conﬁned potentials in R>, it is necessary that the potentlals q; with the
same indices as the F # 0 be put to zero, otherwise they are present in the first term %
of the iteration (4'). If we use formalism a this requires A; =0, whereas if we consider
formalism b we only put A= 0 without modifying system (1) So we take advantage of
the freedom due to the ansatz (2b) insucha way that only the F # 0 have correspond-
ing qi ; potentials identically zero whereas the g;3 0 appear ﬁrstly in the second iteration
] F% and can be confined in R’ Similarly if the only non- vamshmg q; appear firstly in
the third term [f FFF, then these potentials can be confined in R*, and so on for the
building of a class of confined potentials in R". In order to 111ustrate these possibilities
we glve now a simple explicit example where the kernels are degenerate, F; =
gi(uj(s)hj(vi(y)) and

‘0 F) o
F=l0 0 F3. (7
F} 0 0o

(1) We consider formalism a with F g,'(,\ H{x;—8)+ %+ % )h '(/\ (xi—h)+x; +xk)
= AmXm, k #jand k #i,q} = A;(A;) K,, and obtain, for the behaviour of the g; in R>,
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two classes depending upon the corresponding F; being identically zero or not:

DK = gj(& + % )hj (% + %), (57)=(1,2),(2,3),(3,1), (7a1)
DR = hi(%+ 28 (% + B)A k(i + %), h,))=(2,1),3,2),1,3), (Ta2)
with

Aj(x)= Al I gi(—u)h}‘(—u) du, D=1-A}(£3+%2) A%+ £2)ATs(F2 + £1).

Let us assume for the functions g} and A}
Jim gi(u)=0, lim, hj(v) =0, lim Ajk(x)=0
or
| stwmtw au=o, ®

and that |A},(x)| is bounded. It follows that the q; belonging to the second class (7a5)
are confined in R*, whereas those of the first class (7a,) are not. We remark that the K |
of the second class appear firstly in the second iteration of %, whereas those of the ﬁrst
class are present in the first term Z. Wanting to put to zero the gq; belongmg to the first
class we see that A; = A, = A3 = 0, leading also to the vanishing of the ¢; belonging to the
second class, and this is impossible.

(ii) We consider formalism bb: for the same % (equation (7)) as above we assume
A3=x3=1x}= Oor qz =q3= q; =0, so that the degenerate kernels of the (4b) type are
reduced to F, g,(x, -5 +7&,x )h (x, y +Xixe) for (5,/)=(1,2), 2,3), 3,1). We
obtain for the only three g} = A'K %0

DK,. = hk(xixi)gi (kak)A,'_k(x,‘xi), )=@2,1),(3,2),(1,3), (7b6b)
where now
Al(x)= j gk (~u)du,  D=1-Ah(Alx)ALRir)AL(Kix).

If the {g}, h |} verify assumption (8), then the potentials are confined in R * (the Fredholm
determinants D are bounded, and we exclude in our discussion the cases where D
vanishes).

2.3. The fact that our 1Es for n =3 represent a compatibility condition between different
linear systems is studied in § 5

In fact the q; reconstructed either from formalism a or formalism b satisfy constraints
for n =3; they are solutions of well-defined nonlinear equations like (5a) and (6a). In
§ 5 we explain the origin of these constraints.

For n =3 we show that there exists another linear system

(Lu—Quy =0 (1

associated to (1), with the same solution  as given by (2a) or (2b) and leading to the
same IE (4a) or (4b). From the compability condition

[Ll ,Lu ]'ﬁ =0 (9)
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we obtain for the scalar potentials qﬁ the above nonlinear constraints—for instance (5a)
for the 1E (4q).

For n =4 the reconstructed solution ¢ from the 1E (4a) is also a solution of two other
differential linear systems (1') and (1"), (Liu— Qup¢ =0, so that the compatibility
conditions between (1), (1'), (1”) give the constraints that the {q}} must satisfy—for
instance (6a) if we start with (4a). In this way if we start from formalism bb in such a
way that only potentials confined in R" are present (by requiring some X;=0) we can
exhibit explicit examples of nonlinear equations having confined solutions in R". For
instance, for n = 3 the nonlinear integro-differential equations

a i * 1 ’ * i ? P
a—xq,-(xi,x,',xk){[ a9k dxkj q/q dx, GLN=2,1,3,2),(1,3) (5bb)

Xk 3

have confined solutions in R>—for instance (76b)—and there exists a generalisation of
this kind for n > 3.

This intriguing property that our 1E of the (4ab) type is common to different linear
systems is due to the fact that different linear differential operators put to zero the scalar
kernels F ; Consider, for instance, n =3 and formalism a:

3 10\ s
(_+/\i)‘i 1_)Fj =0
ax,- ay

is a necessary relation for the 1E (4a) to be linked to system (1); however, there exists
another relation

d a\ =
A'l——/\“———)F‘ =0, Lk #
(qaxq vy ol q#jk#j
which leads to system (1'). Similarly for formalism 5:
g i d o i
(ki 2)F =0
6x, ay
leads to (1), whereas
_1 0 i J arl X ~
A —— (Al ‘1—+—(—._—.5)] e
[( ) ax; (R axx Ay \A] Ay F,=0

connects the IE (4b) to another system (1').

2.4. In the following sections we shall derive IEs associated to linear differential systems

We sketch here very briefly the general method (Cornille 1978b) and as an illustration
we consider a second-order case, emphasising the possibility of different 1Es in the
multidimensional case.

(i) Let L be a multidimensional linear differential operator with a constant or
eigenvalue term, Q a ‘potential’, ¢ a solution,

(L-Q)y=0, Lo =0, ey

and o is known. The aim is to define a formalism from which we can construct both a
class of ¢ and Q.
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(ii) We postulate a representation of ¢,
¥ =go+L(Yo¥), (1)

where £ is some functional integral and % the transform of .

(iii)) We put (II) into (I) and obtain that 5 both satisfies well-defined nonlinear
equations (III) and is linked to Q(III).

(iv) We seek both an integral equation of the type

H=F+ j FH (F linked to &%) 13%)

and the properties that & has to satisfy in order that %, the solution of (IV), verifies the
nonlinear equations (III). We find that & satisfies a linear equation that is completely
integrable and is linked to the linear part of (III). We construct a class of # leadingto a
class of # and consequently to a class of ¢ and Q. We have to take into account the
boundary conditions occuring in the formalism.
As an application we consider a scalar second-order example in R",
62

(An+k2—v)¢=0a (An+k2)d/0(xly""xn)=01 An= (I)

M=

2
ax,-’

(ﬁ:d’o(xl,---,xn)""z,l aij K(xly- . -,xn§)’)¢’o(x1,- ey Xio1, )’, yi+lr- . -,xn)d))9

(In

where the a, are arbitrary constants. We put (II) into (I), and assuming boundary
conditions we obtain

i , i

Y fc wo(mn 25 a,l%,-,,,)K dy - w(v +2% a,.Ié,-,x,) -0,

a2 (1
a o 0 A
Dn=An‘_s KI=K yee ey Xn, =Xi) Kix =_—Kia
oy (x1 Xn3 Y = Xi) S
if
. d
hm Kﬂ(xb oy Xinl, Vs Xitly ooy xn) =0’
y=c  Jy
. aK
llm l/’()(xh ey Xi—1, Y’ Xty ooy xn)—=0'
y—=o0 oy
The identity is satisfied if
(D,, +2% aif;_x_)K =0, V+2Y ak,, =0. (I1D)

Let us consider the following IE assuming that the solution exists and is unique:

Kxiy,...,xq9)

=F(x1,. .., X3 )+ 2 asj Fx1, .00y Xio1, 8 Xivety o, Xn3 Y) av)

xK(x1,...,%.,s)ds, O.F, =0.
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If we assume the boundary conditions

. oF

lim K(x1,..., %03 8) =1, o0y X1y § Xiv1s v o5 X3 ¥) =0,
50 a5

. oK

hrE)F(xl’ ey Xi—1y 8 Xit1y o o e s Xns Y)B;‘(xl, vy Xns s)=0’
pd

then K, the solution of (IV), satisfies the nonlinear equations (III). (For the proof we
apply O, to both sides of (IV), obtain

0.K =—2F Y aK;,, + Y a j FO.K,
i i X,

and compare with the solution of (IV).) Let us assume now that «; takes only the values
0 or 1. In the one-dimensional case we have only one possibility, whereas for n > 1 we
obtain n°—1 different representations (II) and the 1E (IV). Let us also remark that F
has n + 1 variables, x4, . . ., X, y, and only one constraint, [J,F = 0. On the other hand
for the IE associated to system (1) that we build in the following section, the number of
variables of the scalar kernels F; minus the number of constraints will always be 2.

3. Nonuniqueness of the inversion-like integral equations associated to the (1)

As was previously explained, the non-uniqueness considered here comes from the fact
that we can start with different representations of the solutions of (1). We give the
results obtained with formalism b and restrict the study of formalism ¢ to the n = 2 case.

3.1. Formalism b

(i) We start with equation (1), (L;+ik A — Qpy¢ = 0, and rewrite it with scalar quantities
and

U
¢ =1

Un
(ink,\-)u— Y qlui=0 (1)
6xi i i Pt i .

We introduce n>—n arbitrary constants A}, with i #j, and define Ai=(A; —A))A[" for
i, Ki=1,08/dx +ikAus(x) =0, @] =(8;(ul (x) M1 ufy(x))). We verify (L;+
iKA)WS, ..., ¢ =0.

(ii) We assume for a set {¢;} of n solutions of (1) a representation of the type (2b4):

o= [(&,»u‘i,(x;)+ J.:o Ki(x1, ..., x; y)uf,(y)) II;I ufx()ﬂ)]- (26)
! 1={

(iii) We assume the boundary conditions

lim ul (WK (x1,. .., %03 y) =0,
y =+
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and substituting (2b) into (1) we define K!=K!(y = x;) and obtain
[T (Z+a)ki-T aki] ay+ s i+ xRI0 -0 | =0
X, !

The identity can be satisfied if

(co+an)ki= % ATRTKS,  qi=0,  qj=xKL  (b)
ox; ay mwy
Let us notice that if A; >0, then Kj= AA o u(j; - constant, in such a way that (2b), (3b)
reduce to (2a), (3a), and this formalism is really a generalisation of the previous one
recalled in the introduction. Furthermore, if Ai=0o0r A; = A}, then g; = 0 in equation (1)
without modifying the operator L;+ikA.

(iv) Let us consider an integral equation of the equation (4) type written with scalar
quantities

K}(xl,..-,xn;y)=ﬁ§(x1,-..,xn;y)+ZI Fi(sixt, . s Xny VKT (X1, .00, X053 8),

m Xm

or (4b)

F}=F}(x,~—s+ N Kk xi—y+ Y Kﬁ,,x,,,).

mej m#Ei
If we assume that the solution of (45) exists and is unique, and further the boundary
condition

lim Fou(s, x1, ..., X3 YK (X1, .., %05 5) =0,

§>X0

then we can show that the {K |} solutions of (44) satisfy the nonlinear equation (34). For
the proof we notice that

9 9\ =
(—+ A —)F} =0,
0x; '3y

and applying 8/dx; +A/3/dy to both sides of the 1E (45) we obtain
i) . a . ;
2o snre ] o]
(ax, K %:‘ - F 0x; A ay d

Taking into account the linear differential equations satisfied by F,, following (4b) we
find that the RHs can be written

mpi o om i d m m
Y ATFLK] +2J Fm(——+x, —a—>K,-,
X as

m#j m Yx, 0 §

and comparing with the solution of the 1 (4b), the result (35) follows.
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3.2. Formalism c forn =2

The study is done in appendix 3. We start with the representation (2c), where we
choose u;(x; x;) = uf, (x,-)u?;.’(x,'),j’ #j, and obtain our 1E which depends upon eight
scalar kernels Fj,(i=1,2;j=1,2;,p=1,2):

{ i 2 2 * i m
Kip (x5, x2; ) =Fj,(x1, x239)+ 2. % I Fropals; x1, x2; y)K [ (x1, x2; 5) ds,

m=1qg=1 Jx
Fjp(s1; 52, X1, 23 ) = Flp (A = 5) + Apxp = A sy Yipk1— y + v2pX2), i ],
ﬁ;,p =F},(s1=x1, $2=x2), Fi,1 =Fi,(s1=5,52=1x2), o)
w2 =Fjp(s1=x1,52=5),
vi=1, yii =0, vii =K}, vii= AN
i=1,2, j=1,2, i#j

We remark that from one kernel F;, specifying the restrictions about s, and s, we build
F;, and F; ioa kernels. The link between the solutions K, of equation (4¢) and the
potentials q; of equation (1) is

q;= KK +12;.,-(—1 +:—) Ko =Ki,(y=2x), i=j, i=1,2, (3¢)
1

We remark that the scalar kernels F, , still depend upon two independent variables, and

consequently there exist confined solutions in R? using for the F,, kernels the same

type of confining functions as in the previous paper (Cornille 1978a).

Let us now verify for n = 2 that formalism c is really a generalisation of formalism 5,
or equivalently that (4¢) reduces to (45) when (2¢) reduces to (2b). We must have
Ki» =K =K% =K3, =0, Fi, =F), =F}, =F% =0. All the F},, kernels are
zero except Fli, Fii, Ffm, F%zz. These non-zero kernels are identical to F3, F1, Ff,
F3 respectively of equation (4b). (We remark that in (45) we can multiply u} or V! by
any constant without altering the partial differential equations that the F! have to
satisfy.)

4. Confined solutions in R"

Starting with formalism » we provide a general method to obtain confined solutions in
R". Werecall that g/ = A)K ', so that g' = 0if A;=0o0r A! = A,, We consider a particular
choice of formalism 5 (we call it bb), in such a way that only a set q,' # (0, whereas all the
others are zero:

q, =0, except the set {qi}, g3, 43, ..., q:}is=0; all iy, i2, ..., I, are different.

From the relation between g and K this means that many A’ are identically zero,
leading to a particular choice of the input representation (25) which we call (2bb):

Vo #i2, Xh=0; Y. #i3, A2=0; Y, #is, A2=0;
.Vm?éib Kl,;‘l=0
AL #0; A2#0; A2 #0; An#0

I8 >

(2bb)
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We assume that all the F, = 0 except those with indices symmetric to the q;# 0:

F, =0 except the set {F Fir ... ,Ff;, F:g, F'z}. (456b)

In fact, in the following, all the results concerning the confinement properties are still
valid if we introduce the diagonal kernels F i#0. However, for simplicity in the
formulae we also put F!) =0. Taking (2bb) into account in (4bb) we obtain
(Fin(x, —s+Anx; xo—y +Aixy), Fio_ (X, —s+Arix, 5 %, —y +ARx,), .

L]

) . (4bb)
Fi(x,—s+A2x, Xy —y +A3X,), F2 (X, —s+Aix,; x,—y + X3x;,)}

From the expansion (4') we study first how this confinement property works for the first
non-zero contribution to the g;# 0. Secondly we give explicit examples in closed form
corresponding to the sum of all the terms of (4').

4.1. Inorder thatle',': be confined in R" we must at least have that this property holds for the
first contributing term in the expansion (4')

In order to have some insight let us start with a simple example, given by (7) (F3#=0,
F30, F1#0), and look at K1, K}, K3 corresponding to the q;#0:

lx  ox K3\ | = x [ FiF,
K3, % = |=|[F3F} % % |+higher-order terms.
x, K3 x| ¥ |FiEF), =

We remark that the smallest-order contribution to these K, appears first in j?#’; If
further the Ff are degenerate, i.e. a product of a function of s and a function of y, then
(F WF ¥ is in fact a product of three different functions. If the variables associated to
these functions represent a basis in R3, and if each function vanishes when its
corresponding variable goes to 00, then we can hope to get terms | F WF ¥ confined in
R>. If now the F; are a sum of such degenerate terms, F; =X, g},m(uj(s))h;:‘m(v}'(y)),
then [ F WF ¥ becomes a sum of terms, each term being as above a product of three
diferent functions associated with different variables. In this case also we hope to
obtain | FiF* confined in R>.

Coming back now to the general formalism bb, we remark that the K; with indices
(4, /)= (i1, i2) ... (in, i) symmetric to the F, %0, (i, /) = (i, i1) ... (i, in), appear firstly
in %, -1, the (n — 1)th order of perturbation (4). Let us write F\ = Fi(s; y) (forgetting
for the moment the x,), to obtain

K= j o J IUB dsi8(s; = X )Fi2 (Sny YIF'r_ (Suz1, Sn) - . . Fi2(s3, 54)

X F2 (s = x;, §3) + higher-order terms.
Let us now in (4bb) consider the degenerate kernels F; = gjh;} and define Al
F2 =g (xy,—s +Aixp)hiz( —y +Aidxs), R A A

then F;2 » F2 and so on;

A;‘k(xfxi)=‘[ gl (—w)h*(=w) dw
—A‘fx,
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Then K} is given by

If}; N; +other terms,
(10)
1\7}; =Aj o (Kinx R (Xf;xiz)gﬁg (A2x:,) H A,, 2y 1(7(,, 'x,).
Now let us assume, as in equation (8),
giw) Ju‘—:wO, hi(u) lu:wO:A:J,_z.i, (u) :wO or J‘ gi_ (whi1(u)=0.
(8)

Then N it is the product of n different functions, each of them dependmg upon one
variable and going to zero when this variable goes to £oc. Consequently N 1 isconfined
in R",

4.2. Simple examples for the formalism bb where the solution can be written in closed form

Now what happens for the other-order terms of expansion (4'). For the most simple
degenerate kernels F; = g;(u;(s))h;(v;(y)), the sum of these terms (solution of equation
(4)) can be written in closed form, and we find

n
o xi o Arany-1
qi; =A3K4, Ki=N,D H il (A2,

where N 1 is given by equation (10). Consequently (puttmg aside the possible zeros of
the Fredholm determinant D), D is bounded and K ;4 is confined in R" if we assume
that the F| kernels are of the type given by equation (8) Let us remark that in order to
satisfy equation (8) for A, « it is sufficient that gk( )h (w) be an integrable antisym-
metric function of w.

Is this confinement property restricted to the most simple degenerate kernels? We
shall see that this property is more general and for simplicity come back to the n = 3 case
with the example where & is given by (7). We assume

Fi=Y gimlt,—s+A ) m(e -y +Axi), (,))=(1,2), (2,3), (3, 1
m=1

whereas all the other F; kernels are zero. The solution for mo =1 was written (7bb).
For mo>1 we get for the non-nulls g;, (j, i) = (2, 1),. (1, 3), (3,2)

=5 bl (Kix) AMTP (R x,)(g.,,<xkxk>+2 AkPa(x kxk>Bq),

m,p

B,(1- T AL W)L "(xfx,-)Af;‘*“(x‘kxk))

-3 B, Z AL (Rix)ARP (K x)) AR (Kiexie)

q'#q

= Z gl (Kixi )AL (KIx)ALTP(AKx,), i, J, k all different
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where

@©

Afii'“(x)=J Ghp(—t)hja(—u) du.

Let us still assume equation (8):

g;?.m(u>| =0, hj,,n(u)‘ >0 AP is bounded,
AlRi(x) > 0, or J ghp(Uhip(u)du=0.
|x]—>00 —eo

In the first relation (assuming that B, is bounded in R>) we see that K/ is a sum of
products of functions depending respectively on x,, x;, xi, each of them going to zero
when respectively |x;| > o, |x;| » 0, |xi¢| » 0. The second relation is an algebraic linear
system with coefficients bounded in R?. The solutions of this system give the B,, and if
we exclude the zeros of the determinant (which is in fact the Fredholm determinant of
equation (4), (4bb)), then the B, are bounded in R3. In conclusion the q;#0 are
confined in R>. In order to satisfy equation (8), we can for instance take very simple
examples,

gim(u)=u%im exp(—u’im), hjm(u) = u"im exp(—u"m),

where a; B},m, vf-_,,., Mim are positive integers, 8,,. and 7}, being even integers. In
order that gim(Whi,(u) be an antisymmetric function of y, it is sufficient to consider
aj» odd (even) integers and v;, even (odd) integers.

5. The IE resulting from a compatibility condition between different linear differential
systems

In this section we show that our 1Es of the equation (4) type for n =3 are common to
different linear differential systems, in such a way that the reconstructed potentials from
these IEs must satisfy the nonlinear constraints coming from the compatibility condi-
tions between these systems.

5.1. Formalism aandn=3

Let us assume that both system (1) and another system (1') have the same solution ¢:
(Li+ikA— Q¢ =0(1), (Ly— Qu¢ =0(1'), where

d A O A; 0
L= (511 ), Ly= (&‘j(‘i —- _>>,
ox; Ak Oxic Ay ox
withk=j+1,[=j+2,I=1ifj=2and [=2, k=1if j=3,
Ay 0 0 qi ¢} 0 -4 qi
A= Az ) Q= q% 0 qg ; Qn= q% 0- _qg-
0 A3 qs ¢3 0o —q3  q3 O

As we shall see, the IE (4a) is common to (1) and (1'), and the nonlinear constraints (5a)
which are required for the q; reconstructed from 1E (4a) represent the compatibility
condition between (1) and (1').
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(i) Compatibility between the two systems. Let us define L*=L;+Ly,2Q% =

Q00 AL
0 0 g3 0 g O
o*=(qé 0 0| o*=(o 0 q%),
0 g3 0 gs 0 0
A3 0 fAs 0
A+= /\1 , A7= )l3 \)
0 Aa 0 ALl

The compatibility condition is [L", L]y =0. Taking into account the relations
L*(Q7¢)=(L* Q%)+ QTA.A" (L7 ), we can eliminate ¢ to obtain

—ik{AQ —AQ +Q A_-Q A}
+{L Q" -L"Q +2Q A_AT'QT-2Q ALATTQ Y =0,

It is easy to verify that the first bracket is identically zero. The second bracket written
with scalar quantities leads for the {g,} to the nonlinear three-wave equation (5a).

(ii) 1E associated to system (1'). We assume that (1') has a set of solutions ¢; given by
(2a). We substitute (2a) into system (1) following the general method explained in
§ 2.4 and find that the transforms K | must satisfy (for simplicity we do not reproduce the
boundary conditions)

0 A9 A 5) i ik i 1] . .

——-———|Ki+Kiq: —Kiq:|dy=0, k#j, 1#]

J;.u)"(y)[()‘k axe AL 9% xq q y ) !
0 } ",Ai . .
w(aa-a)-RE) =0, izj

i

Thus we still find for the potentials g/ = K INJA j» and the 1E associated to (1') if it exists is
such that the solutions K, must satisfy

1 4 139 1 P Y
—————I|K,+—K|K; ——K K, =0.
(/\k axk /\1 8x,> ! Ak K /\1 i (11(1)
(iii) Nonlinear constraints satisfied by the solutions of the IE (4a) associated to system
(1). We report here briefly results obtained in the previous paper (Cornille 1978a).
Owing.to the fact that the operator (A K a/ox —A7ta/ox), k #j, 1 #j, when applied to
F; or F; gives zero, we deduce from equation (4a) that

ERRCN 1o 4, 0 4 0
=AT'FR -ACFKE+Y J‘ F'm( We——Aj 1——>K}".
m YJx, 13Xk ax,
If we compare this with the solution of (4a) itself we see that the K satisfy equation
(11a). Consequently equation (4a) is also an IE for system (1'). If, further, between
equation (3a) and (11a) we eliminate the K; term, then we obtain the nonlinear

three-wave equation written down in (5a). In conclusion, (1) and (1) have the same 1E



Multidimensional inversion formalism 1389

of the equation (4a) type, and the reconstructed potentials must satisfy the nonlinear
equation (5a) which results from the compatibility between both systems.

5.2. Formalism a and n =4

Let us assume that ¢ is a common solution to three systems: (L;+ikA— Qpy¢ = 0(1),
(Lu—-Quwv =0(1"), (Lin— Qun¥ = 0(1"), where

a Aj 8 A; 0
LI(Slf_)’ LII = (611(—1 — _))’
ax, Ap Oxp Ay 8x

withk=j+1,1=j+2,1=1if j=3and /=2, k=1if j=4,

Aj 8  A; 0
Lin= (5:'1'(—i ——= —)),
Ak axk /\[ 8x1

with k=j+2,1=7+3,1=1if j=2,1=2,k=1ifj=3and =3, k=2if j=4,

At 0 4 q1 qi

0 1 3 4

Az q2 0 g3 q>

1&= s QI= 1 2 4 ]

0 A3 qs q3 0 g3

A4 q: q;i qi O
0 -qi qi O 0 0 -qi qi
0 0 0 _qg qg O = q% 0 0 —q4
II q; 0 O _qg 5 134 —Qé qg 0 0
-qi qi 0 0, 0 —qi 4qi O

As we shall see, the IE (4a) is common to (1), (1') and (1”), and the nonlinear constraints
(6a) for the q; represent the compatibility condition between the three systems.

(i) Compatibility conditions between the three systems. Let us define L™ =L;+ Ly,
M*=L+Ly. We have two compatibility conditions, [L",L" ]y =0 and
[M™, M1y = 0 which are studied in appendix 1. It is shown that the scalar kernels q!
satisfy the nonlinear equations (6a). Consequently the IE (4a) must be a common IE to
the three systems (1), (1') and (1")

(it) 1E associated to the systems (1') and (1"). We sketch very briefly the results using the
general method (§ 2.2). On the one hand we assume for both (1) and (1") that the ;
given by (2a) are solutions. We find that the transforms K; must satisfy well-defined
nonlinear equations:

1

0=</\k _—)\q —>K;+A—k

A 1 . . .
KiKf-—K.K*, #j, q#j, qi=AA;'K.L
9% ax, KA Ay iy k#j, q#], qi=AA; K]
On the other hand we consider the IE (4a).~. From the fact that the operator
(A78/8x, — A 7' 8/8x,) gives zero when applied to £ or F', we deduce that the solutions
of the IE (4a) satisfy the above nonlinear equations. In conclusion, (4a) is an IE
common to (1), (1') and (1").
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5.3. Formalism bband n=3

Let us assume that both system (1) and another system (1') have the same solution
Y (Li+ikAr— Q)¢ =0(1), (Lu+ik Au— Q¢ = 0(1'), where

5 9/0x2 0 0 qf 0
LI=(5i,b;>, Lu-= 8/axs , o=lo o 4l
! 0 a/axq q; 0 O
0 0 gqi Ay 0 Az 0
Qu=|qs 0 0}, A= A2 , A= A3
0 g3 0 0 A3l 0 Ay

(i) Compatibility between the two systems. We consider [L;, Ly]¢s =0, and using the
identities Ly(Qry) — (LuQoy — QL) =0, Li(Quy)—(LiQuy — Qul{Luy) =0, the
compatibility condition is written as a sum of two terms. The first term —lk[A10u+
OIAI AnQi— QuAnq] is identically zero. The second term [L;Q;—L On+(QI) -
(Ou)? ]1=0 give the nonlinear constraints for the potentials (8/dx;)q; = qkq ;. Let us
remark that if g Q; (or Qy), then gk and qr belong to Qu (or Qp). Thus the
compatibility constraints mix in the relation ¢;, =g at, the potentials of systems (1)
and (1'). If we want to get constraints for potentials € Q; (or Qn), we must eliminate the
other potentials. In this way instead of having nonlinear three-wave type equations we
have integro-differential equations. For instance, for g, € Q;, where we know that they
can be confined in R3, we can integrate to obtain

Qi = J qiqk dx’ J aq; dx; (5bb),
X X,
written down previously in § 2.3. A

Let usrecall that, in order to reconstruct the potentials of (1), the kernels F; of the IE
(4bb) are of the type

Fi(x,—s+Alxi; x, = y + Kixe), (,/)=(1,2),(2,3),3,1),  (4bb)

whereas A3 =A3=4}=0and qf = xu&z for the same set of (7, /). As we shall see in the
following, this IE with the same kernels F; is also an IE associated to (1)

(i1) 1E assoczated to (1 ). Firstly we assume that (1) has a set of solutions ¢, given by
(2bb) with A3 =A5=%3=0. We substitute (26b) into (1) to obtain the set of nonlinear
equations that the transforms K; must satisfy,

ad ) ) 5
L u,»[(a—;"ﬁ-ﬂlay)K’ ;) dy+u;(—qf+K57ii)5;+1,.EO,
where k=i+1,/=i+2if i=2,1=11if i=3,and k=1, [=2, §.,,=8;, if j=3.

Consequently the K| must satisfy

0
(gﬂk )K - KIK'A, k=j+1, 1=j+2, (11b5)
k

where k=1,/=2ifj=3and/=1ifj=2. Moreover,qé=7§§I€§,q§=ﬂf[€'§,q‘?=K§I€'?
and A} =
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Secondly we want to show that the solutions K ¢ of the 1E (4bb) also satisfy the
nonlinear equation (1156b). For this we apply the operator (3/3x, +Xid/dy) to both
sides of the IE (4) with (4bb) kernels to obtain

3 d
2. = PR+ j (——+x"‘>K'-",
(axk Kk )K l kT Y Py k&
where k and [ have been defined in (11bb). Comparing with the solutions of the 1E (455)
we see that these solutions satisfy (1165). In conclusion, the IE (4) with F i kernels (4bb)
is associated to both systems (1) and (1'), and the K solutions must satisfy both
equation (11bb) and equation (3bb), which we rewrite as

(gi‘m )K =KiA[Kf, k=j+1, k=1 if j=3,  (3bb)
il

whereas the potentials of Q; are ql = )(le, g:= X3K3 and qz = Ksz Combmmg (3bb)
and (11bb) we obtain for the six potentials of Qp and Qy; the relations (3/dx;)q; =qiq" ;
which were obtained previously from the compatibility conditions between the two
systems (1) and (1'). Let us finally remark that the solutions (76b) confined in R®
correspond to the three potentials of Q;, and consequently the nonlinear integro-
differential equations (5bb) have solutions confined in R*.

5.4, Formalism bandn =73

We sketch the results very briefly, because nothing really new appears in this case. As
for formalism a we still obtain a three-wave nonlinear equation resulting from the
constraints equations of the solutions of the 1E (45) and from the compatibility
conditions between two linear systems. The study is done in appendix 2, and we obtain

(1 8 Koo 1

——= ——)K =RKiR! (

19 & Af x,;xﬁ‘>
7(} ax, k?‘ ax, Xk axk

: AL 5b
7&} KAj (56)
It is easy to verify that, when A}—)O, (5b) reduces to (Sa). Here, as in the previcus
paper (Cornille 1978a), we could use formalism b to show that if we interpret one co-
ordinate as a finite time then there exist solutions of equation (5b) which are confined in
the R? space spanned with the two other coordinates.

6. Conclusions

A clear understanding of the properties of multidimensional nonlinear evolution
equations (for instance the confinement property) requires as a preliminary study the
investigation of the multidimensional space in which the solutions have to evolve. The
nonlinear equations called ‘integrable’ or ‘linearisable’ or ‘soluble by the inverse
method’ are in fact those which represent a compatibility condition between different
linear partial differential systems (Ablowitz and Haberman 1975). In this case the main
problem is to find a formalism (termed 1E) generating potentials associated with linear
systems. In the R’ space case (for simple systems), the classical method is the analytic
one. Unfortunately in the R" space case this method is not yet available (it is not even
so clear that we have really to do it). Inthe previous paper as well asin the present paper
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we have considered an algebraic method (Zakharov and Shabat (1974) were the first to
realise the usefulness of an algebraic approach) which generates a class of potentials
associated to a linear differential system and which can be studied in R". In this way we
have found specific features of the R"” case not present in R h

(i) The non-uniqueness of the IE appears at two stages. Firstly, it results from the
choice of the set of solutions that we want to reconstruct. Thisis illustrated here in what
we call formalisms a and b. One generalises the other and has new degrees of freedom:
we can for instance introduce arbitrary parameters or put to zero some of the scalar
potentials. Let us remark that all the corresponding 1Es reduce to only one equation in
R—the classical Marchenko equation. We have even written down here (formalism c¢)
in the 2 X 2 case a general IE with eight arbitrary scalar kernels which, for instance, could
generate a more general class of solutions of the generalised nonlinear Schrédinger
equation than the one deduced previously (Cornille 1978b). The second ambiguity
comes from the fact that we do not know if the 1E determined is the more general one
associated to a given input representation of the solutions of the system. In some cases
we know (Cornille 1978a) that there exist at least two 1Es corresponding to the same
input representation, one generalising the other. Here, the fact that for n =3 the
reconstructed potentials satisfy constraints suggests that there can exist a generalisation
where these constraints disappear.

(ii) The confinement property in R comes from the fact that the degenerate kernels
of the IE are of the exponential type, whereas in R" the extension of this property with
the same type of kernels does not work. However, using a limiting process, Manakov ef
al (1977) have shown, for the exponential-type kernels, how to obtain confined
solutions, but this possibility is not specific to the exponential kernels (Cornille 1979).
In R? the confinement property is realised naturally by the fact that the 1Es include a
large class of other kernels, such as Gaussian kernels.

In R", n > 2 we give a general procedure for constructing potentials confined in all
asymptotic directions of space. However, the potentials are constraints, such that these
confined solutions correspond to a new class of nonlinear integro-differential equations
solvable by the inverse method. Some of the scalar potentials must be zero, so that we
take advantage of the degrees of freedom of our generalised 1E (formalism &).

(iii) For n =3 the 1Es that we have constructed as being associated to a particular
linear system are in fact the 1Es common to other linear systems. This new aspect of the
IE was not present in one dimension or in the two-dimensional case presented here. For
n = 3 the two systems are first-order partial differential systems, and from the work of
Ablowitz and Haberman (1975) it is clear that the compatibility condition must lead to
the two-spatial-dimensional nonlinear three-wave equation (a physical equation of
plasma physics). Thus from the formalism of the previous paper or formalism & of the
present paper we know that this nonlinear equation has an infinite number of confined
solutions in R? for any finite time. For formalism bb the potentials associated with the
two linear systems belong to two distinct classes, in such a way that the resulting
compatibility condition leads to some kind of nonlinear three-wave equation mixing the
two classes. If we eliminate one class, then the resulting equation becomes an
integro-differential one of a new type which has confined solutions in R>. For n =4 the
IE is common to three systems, and the constraints that the potentials must satisfy
represent their compatibility conditions, and so on for higher values of n.

In conclusion, exploring, for the 1E, the reconstructed potential space associated to
linear differential systems in R" we obtain results unexpected from our knowledge of
the one-dimensional case. Moreover, new features appear from n =2 to n = 3.
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Appendix 1

We study the compatibility condition in the n =4 case.
(i) We consider the two systems L™y = (—ikA+2Q"+ R ")y, L™ = Ly + Ly, where

0 0 ¢ 0 0 g 0 0

q
L.l 0o 0 g3 |0 0 g 0
R = , = ’
Q g5 0 0 O Q 0 0 0 43
0 g3 0 O qgi 0 0 O
0 0 qi
1
. |lgs 0 0 O
R.—_ s L=6,'aai, L=6z'ai,
0 q§ 0 0 1= ,/x) = j )
0 0 q3 O
(A1.1)
AL 8 A 8 Az 8 Ax 9
h=—m"———, hp=—T———
/\2 aAT2 /\3 GX3 /\3 8x3 Ag 0X4
A8 A3 9 _As 0 A 0
3 As X4 Aq axl’ Ay 9xy Az@Xz

i being a column vector, and study the compatibility condition [L”, L™ ]y = 0, which
gives

0=-1kA(Q —Q)+L(Q*¢y)— L (Q ¢)+3[L (R*¢y)—L* (R ¢)]. (A1.2)
Let us introduce the matrices A; associated to A:

Al A2

Az Al
With some algebra we get
AL (R ~=L™(R™¢)=—((LuR")+R"AAT (R - Q))y,
L (Q"¢)=[L Q"+ Q" AA (~ikA+2R™+Q)y,
LY (Q ) =[L"Q"+Q AsA (-ikA+2Q™+ QN y.

Taking into account these relations, the RHS of (A1.2) becomes the sum of two
terms. The first, —ik[AQ——AQ++Q+A2—Q’A3], is identically zero, so that the
compatibility condition between the two systems (A1.1) is finally

L Q"-L"Q —LyR*"+Q " AA Y (Q +2R")
-Q AAT2QT+QN-RTAMATH(RT-QY)=0. (A1.3)
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(ii) We consider the two other systems, My = (—=ikA+2R*+ Q )¢, M* =L+ Ly,
Ly =(8;6;), where

PR A _A2 9 A 8

! /\3 6x3 A4 8X4’ 2 64 BX4 /\1 axl’
(Al1.4)

5.t 0 _As 9 _Ae 9 A 9

3 )\1 ax1 )\2 ax{ 4 )\2 GX2 /\3 aX3’

and study the compatibility condition [M ", M "]y = 0, which gives

0=—ikAR =R +M (R*¢)-M" (R ¢)-Liu(Q ¢)=0, (ALS)
with

Li(Q7¢) = (LmQ )¢+ Q AA(QT-Q )y,

M (R*)=[(M R )+R*"A A (~ikA+ Q" +2R )y,

M* (R ¢)=[(M"R)+R A A" (-ikA+R™+2Q)]e.

Taking these relations into account in (A1.5), the RHS becomes a sum of two terms. The
first term, —ik[AR™—R A, — AR+ R"A,]isidentically zero, so that the compatibility
condition between the two systems is

M R"-M"R™ -LQ +R"AA™H(Q " +2RY)
~R AAT20 +RH-Q AN HOT-Q)=0. (A1.6)

(ili) Written with scalar quantities, (A1.3) and (A1.6) give the two sets of nonlinear
equations that the q; must satisfy and which are written down in (6a).
Appendix 2

We consider formalism b and n = 3.
We start with system (1), (L;+ik A — Q¢ =0, where

Li=(8,-2 A= a0 Qi={q® 0 ¢
I Uax,- s 0 2 , I q; , qs3 !,
‘ 3! \d1 (2 0,

and report the 1E (4b) associated to (1):

K (X1, X2, x33 y) = Fi(x1, X2, X35, y) + 2 I Fo(s; X1, X2, X35 V)K" (x1, X2, X3; §) ds

. , . . T (A2.1)
F;=Fi(s=x))F; =Fj(xj—s+Ax,+Xixe; x, — vy + X x; + Xixp.).

(i} Constraints satisfied by the solutions K,. We remark that the operator

. (1 8 1 9 a1 X
Aﬁ':(";_"_'T_')*_(-/*_F)
K,'ax, Kkaxk By X,’ Kk
applied to F; or F ¢ gives zero. We apply this operator to both sides of the IE to obtain
i Kf’“’i ok x;<"'4"‘i L Adlgri i 1 9 1 a j i kyrk
Ain:ﬂFkKi —EF'Ki+jF'Ain+JFi<E8—)Q_E&:)Kj+JFk(—AjK] ).
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We write (A2.9) for K/, K ," and apply respectively

(l 8 1.9 ) and 9 (l_&>
7[’ ox; Kk Xk ay KI Kk
i Kkisi AE s o
AK? =-X—fK;K}+FK;‘K,’-‘, i#j,
‘ b , (A2.2)
19 1 ) A sl K
———-——)K!|==KIKf-=KIK.
(X 0x; Xk axk K’, K xlk !
(A2.2) is the equivalent in formalism b of the relation (11a) in formahsm aor (11bb) in
the formahsm bb Recalling the nonlinear relations (35), ( a/ax,)+a/ay)K
K; K +A; (7&,) K K, we can elnmmate the K; between (A2. 2) and (3b) and take the
limit y = x;, leadmg to an equation for K In thlS way we obtam the nonlinear equation
(5b) of § 5.4 which must be satisfied by the K or by the g, if we take into account
q, — KIK'
(i1) IE associated to another system (1')

We shall see that the IE (4b) (here called (A2.1) is also the IE of another system (1'),
(Ln + le“P)lJI = O, where

1 4 1 9

Ly=(ld,), Q = (widy), li=— e >
= 2 ( ’) Kis1 Ox, 01 Kiv2 0Xis2
i i [ 0 _P% P?
_/\x+l Aix2 3
w; = 77 — i P= p2 0 —pZ 3
Aier Riez 1 2
-D3 D3 0/

withi+2=1ifi=2,andi+1=1,i+2=2if i =3.
We assume that (1') also has the set of solutions ¢; given by (2b) and where
up= u?l(x,)ufg(xi)ufl;(xk). Substituting (25) into (1') we obtain

® 1 4 1 9 o
J ui’(y)[(———— )K’+p,K’ p}Ki]dy=0,

Kkaxk K 0x;
* 1 8 138 (X 1
J u?,(y){[————- +<:“—;> ]K’ p,+p“K’}d (A2.3)
Xy k ay

Ak
+ ui(x,)(—pﬁ +—fK{-) =0.
A

From (A2.3) it follows that, if p{ = (A}/X})K |, then the relations are satisfied if the K
transforms satisfy the nonlinear relations (A2.2). In conclusion, (1) and (1') have the
same IE (4b), and the nonlinear three-wave equation (5b) represents their compatibility
because it is obtained from a combination of relations (A2.2) and (35).

(iii) If we interpret one coordinate as time, then the nonlinear three-wave equation
(5b) has confined solution in R? space at finite time
Let us consider the kernel & as given by the example (15a) of the previous paper
(Cornille 1978a), but with degenerate kernels F; =g thi given by equation (45) of the
present formalism 5. The solutions K are still given by {155) of the previous paper;
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however, (15¢) of that paper is replaced by
, o ) A-kxl""‘,:(x;
gi(Kix; + Xiexx), hi(Kx; + Arxi), A}‘k=J‘ g()hf(u) du.

We assume g;(u) >0, h;(u)—> 0 when ju| - co,

(iv) Compatibility conditions between systems (1) and (1')
Let us recall that the relation between K, the solution of (A2.1) (for (4b), g} € Q; and
piePisp, = q;ix;'-(xu})“, q= K}IZ}. The compatibility condition [Ly, L]y = 0 leads to

0=—-ik(AP—QQn¢ + Liy(Quy) — Li(Py). (A2.4)
Let us define

1743 1/x3

1 3 0
A= 0 1/4%; , A, = 0 1/%3 ,
1/43 | 1/A3]
xi/x3 \ A3/ 43 0
As= A3/A3 ) Ac=| AR )
0 S92 ‘ A3/ 4z
0o 0 P} 0 P2 o
P=p —-p, P =P} 0 0 | P ={0 0 P},
0 P} 0 Py 0 0

Q= Q" +Q7, where the QF are defined in § 5.1. With some algebra we can factorise
in (A2.4) to obtain

0=~ik[AP-QQ1+(Q A1 —Q A)JA-(Q A3+ Q7 ALQ]
+[LuQi—LiP+(Q A - Q A)Q;—(Q A5+ Q+A4)P]. (A2.5)

The first square bracket is identically zero, whereas the second square bracket, written
with scalar quantities, gives the nonlinear three-wave equation (55).

Appendix 3

For (2c) and n = 2 we establish the 1E associated to (1), where g, =0,

J 2
<—+ik/\,>u, -Y qu=0. (Le)
ax, =1
We define u,(x1, x2) = uy, (x,)uss (x,), /' # j and consider
2 ©
(//i=(5zfu;(x1,xz)+ 21 J‘ Kim(x1, X235 Y)ui(Xm =y, Xm) d)’)» m'#m. (2¢)

We assume the boundary conditions

. 2 0 . 0 2 : 0 2
lim K1 uxz =0, lim u;,K1, =0, lim u,,K35, =0,

y > y -0 v 00

. 0 1 . o] 1 3 [¢] 1
lim u,, K;; =0, lim u, K31 =0, lim u;3K5; =0,
y =0 y—>x ©

y -
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and substitute (2¢) into (1¢). We obtain
2

a4 -9 . .
= Xms Xm' —+ ]tm__)Ki'm" lem]d
) J’ Uy = Xm, X )[(ax Y ay/ " qu b y

m=1 Jx,, !
) &1 xiy B AN
+Uj(x1;x2) —q:+(1_5i1) Ki,jxl'*'Kii —1+‘X’T =0,

where 12{',,1 =Kl n(y=xm)vi=1,v;=0,v,= ANy = .. This identity can be
satisfied if

Ny Yo A,
q.=0, q =1<{,,.x:+1<¢,-(—1 +5F)’
' (3¢)
9 9 j B .1, Pl A )
—_—+ : “‘)K{ =|:K,I 7(,-+K,»,-(—l+— K’ . l?fl,
<8x, 'Y.pay P | /\f Lp
Let us consider the 1E and define kernels F) , (s;; s2; x1, X2; ¥):
. 2 2 N
Kio(xi, x339)=Fj (x1, x559)+ 2. Y J Flpq(ssx1, x25 y)K g (x1, x25 5) ds,
m=1gq=1 4x,
ﬁ;.sz;.p(31=x1’52=x2)s F}pq F;p( =8, 8, = Xq), ql¢q
a 0
(_+'Y:n,p_ )F,',,,—O, m=1,2
0X ay
d 0\ =~ d d 0 A, 0O ,
v ) E =0, (S )F' -0, ( +—%—>F' )
(6)6, Vl,pay> 1P ax, leay 1o ax, 'Y/ pay /\;’ 95 )" P
=0, i#7,
or
F}'p :F;'p(/\,(x,—s,)+/\,rx,r—,\j,sj,; Y’lpx1‘y+y’2px2), ]/#]

If we assume

Slln;l) F:n,p,q (Sv X1, X2, Y)Kz,":z(xl, X2 S) 209

then one can show that the solutions K, of (4c) satisfy the nonlinear equations (3¢).
For the proof we apply (8/dx; + v;,8/3y) to both sides of the 1E (4¢), and taking into
account the properties of the kernels F;,, we obtain

d ) 3 .
<6x 'Y]pa> ;;J;Fm,p,q(a +')’/q )Klq

~, A A A . .
:F]‘"q[K},,‘(“l+A_]/r)+K§K;I], Ji #j_

!

If we compare with the IE (4¢) (wWhen we assume that the solution exists and is unique),
we see that the set {K|,} verifies (3¢).
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